In this paper we consider a new kind of backward stochastic differential equations (BSDEs) driven by G-Brownian motion, called ergodic G-BSDEs. First we establish the uniqueness and existence theorem of G-BSDEs with infinite horizon. Next, we prove the Feynman-Kac formula for fully nonlinear elliptic partial differential equations (PDEs). In particular, we give a new method to prove the uniqueness of viscosity solution to elliptic PDEs. Then we obtain the existence of solutions to G-EBSDEs and the link with fully nonlinear ergoic elliptic PDEs. Finally, we apply these results to the problems of large time behaviour of solutions to fully nonlinear PDEs and optimal ergodic control under model uncertainty.
Introduction
In 1990, Pardoux-Peng [18] established the existence and uniqueness theorem for nonlinear BSDEs, which generalize the linear ones of Bismut [3] . Since this pioneering work, the theory of BSDEs has become a useful tool to solve the problems of mathematical finance (see [6, 10] ), stochastic control (see [21] ) and PDEs (see [17, 19] ).
It is well known that BSDEs with a deterministic terminal time provide probabilistic representation for solutions to quasi-linear parabolic PDEs, whereas the BSDEs with a random terminal time are connected with quasi-linear elliptic PDEs (see [4, 20, 27] ). The BSDEs with infinite interval can be seen as a special case of BSDEs with a random terminal time. In particular, Fuhrman-Hu-Tessitore [11] (see also [8, 26] ) introduced the notion of (markovian) ergodic BSDEs (EBSDEs) through BSDEs with infinite interval (in infinite dimension):
where (W r ) r≥0 is a cylindrical Wiener process in a Hilbert space and X x is the solution to a forward stochastic differential equation starting at x and with values in a Banach space. In this case, λ is the "ergodic cost". The EBSDEs provide an efficient alternative tool to study optimal control problems with ergodic cost functionals that is functionals depending only on the asymptotic behavior of the state (see also [1, 2] ). Moreover, by virtue of a EBSDE approach, Hu-Madec-Richou [15] study the large time behaviour of mild solutions to quasi-linear PDEs (in infinite dimension). We also refer to the talk given by Huyên Pham at the "7th International Symposium on BSDEs" for the study of long time asymptotics of fully nonlinear Bellman equations.
Recently, Peng (2006) introduced the G-expectation theory (see [24, 25] and the references therein). Under the G-expectation framework, the notion of G-Brownian motion and the corresponding stochastic calculus of Itô's type were also established. In particular, the existence and uniqueness theorem for G-BSDEs and nonlinear Feynman-Kac formula for fully nonlinear PDEs was obtained in [12, 13] .
The aim of this paper is to study the following type of (markovian) BSDEs dirven by G-Brownian motion with infinite horizon that we shall call G-EBSDEs: for all 0 ≤ s ≤ T < ∞, 
where γ 1 is a fixed constant and γ 2 is a given d × d symmetric matrix satisfying γ 1 + 2G(γ 2 ) < 0, (B t ) t≥0 is a d-dimensional G-Brownian motion and X x is the solution to a stochastic differential equation driven by G-Brownian motion starting at x. Our aim is to find a quadruple (Y, Z, K, λ), where Y, Z are adapted processes, K is a decreasing G-martingale and λ is a real number.
First, we introduce a new kind of linearization method to show that the BSDEs driven by GBrownian motion with infinite horizon have a unique solution under some certain conditions. However, the linearization methods in [4] and [13] cannot be applied to deal with this problem. In addition, we obtain the comparison theorem for G-BSDEs with infinite horizon. Next, we establish the nonlinear Feynman-Kac formula for elliptic PDEs and introduce a new method to show the uniqueness of viscosity solution to elliptic PDEs in R n . Then we show that the G-EBSDEs (1) have a solution (Y x , Z x , K x , λ). In particular, the G-EBSDEs (1) are connected with the following ergodic elliptic PDEs:
where C b.Lip (R n ) is the space of all bounded Lipschitz functions defined on R n . For any given monotonic and sublinear function G :
and S d denotes the space of all d×d symmetric matrices. In this paper, we shall only consider non-degenerate G-Brownian motion, i.e., there exist some constants 0 < σ 2 ≤σ 2 < ∞ such that, for any
(Ω) and p ≥ 1. Denis et al. [9] proved that the completions of C b (Ω) (the set of bounded continuous function on Ω) and
are the same and we denote them by
Theorem 2.1 ( [9, 14] ) There exists a weakly compact set P ⊂ M 1 (Ω), the set of probability measures on (Ω, B(Ω)), such thatÊ
P is called a set that representsÊ.
Let P be a weakly compact set that representsÊ. For this P, we define capacity
A set A ⊂ B(Ω) is polar if c(A) = 0. A property holds "quasi-surely ′′ (q.s.) if it holds outside a polar set. In the following, we do not distinguish two random variables X and Y if X = Y q.s.. 
where
Let (B t ,B t ) t≥0 be the canonical process in the extended space.
Suppose {X t } t∈[0,T ] is the solution of the followingG-SDE:
It is easy to verify that
From assumption (H3), we obtain that
Note that |a ε s | ≤ L 1 and by assumption (H2), we also derive that
One can easily check that the last two inequalities hold. 
We now shall state the main result of this section, concerning the existence and uniqueness of solutions of BSDE (6) .
Since both Y 1 and Y 2 are bounded continuous processes, we can find some constant C > 0 such that |Ŷ | ≤ C. Then we have for any T > 0,
Moreover, we can get a 
where {X ε t } t∈[0,T ] is the solution of the followingG-SDE:
Thus from equation (7), we derive that
By equation (5) and Lemma 3.1, we obtain for each 0 ≤ t ≤ T ,
where we have used
By equations (9), (10) and letting ε → 0, we deduce that
We finally obtain, by sending T to infinity, that ∀t ≥ 0, 
. Then from the uniqueness of G-BSDE in finite horizon, we can also get uniqueness of (Z, K).
Existence:
G (0, n) the unique solution of the following G-BSDE in finite horizon:
Using the same method as in the proof of uniqueness, we have
where |m n,ε s | ≤ 4L 1 ε and |n n,ε s | ≤ 4L 1 ε. By Lemma 2.5, we conclude that
where {X n,ε t } t∈[0,T ] is the solution of the followingG-SDE:
Thus by equation (10), we derive that
Then letting ε → 0, we can obtain that
Now we define Y n , Z n and K n on the whole time axis by setting
As in the proof of uniqueness, we use the same kind of linearization. Thus
where |m m,n,ε s | ≤ 4L 1 ε and |n m,n,ε s | ≤ 4L 1 ε. We use the same strategy so as to obtain
Thus, we get for each 0 < T ≤ n ≤ m,
Consider the following G-BSDE in finite horizon [0, T ]:
By Theorem 2.4, we also conclude that lim m,n→∞
Moreover, from equations (11) and (12), we get that
We now proceed to prove that K is a G-martingale. For each 0 ≤ t < s, we haveÊ
Thus we getÊ t [K s ] = K t , which completes the proof. Theorem 3.3 proves the existence and uniqueness of a solution for the BSDE (6). But we also obtained a construction for the solution process (Y, Z, K). Moreover, we obtain the following comparison theorem of G-BSDEs in infinite horizon. 
Proof. Without loss of generality, assume
Since both Y 1 and Y 2 are bounded continuous processes, we can find some constant C > 0 such that |Ŷ | ≤ C. Then we havê
. By a similar analysis as in the proof of Theorem 3.3, we obtain
Applying Lemma 2.5 yields that
is the solution of the followingG-SDE:
Consequently, we derive thatŶ
Then sending T to infinity, we have ∀t ≥ 0,
t , q.s., which is the desired result. Now we shall establish some stability result. Given a family of functions (f ǫ ) ǫ≥0 and (g ǫ ) ǫ≥0 satisfy (H1)-(H4), with constants L 1 , L 2 and µ independent of ǫ. Moreover, for each n
with some β > 0. 
Proof. Denote by (Y n , Z n , K n ) the unique solution of the following G-BSDE in finite horizon:
By Theorem 3.3, we have for each ǫ
Applying Theorem 2.4, we obtain
Applying Theorem 2.4 again, we conclude that
which is the desired result. 
(B2) There exist some constants L, α 1 > 0 and α 2 > 0 such that
for some constant η > 0, where σ i is the i-th row of σ.
The following result is important in our future discussion.
Lemma 4.1 Assume d = 1 and supposeX is the solution of the followingG-SDE:
for any T > 0 and bounded by α 2 . Then the following properties hold:
(ii) there exists a constantC depending on G, α 1 , α 2 and η, such that
Proof. It is obviousX is aG-martingale. Then
Next we shall give the estimate of |X
Consequently,ÊG
[|X 
Then taking expectation on both sides, there exists a constantC depending only on η, G, α 1 , α 2 and
Thus, we haveÊG [|X x t |X t ] ≤ C + |x|, which completes the proof.
Under assumptions (B1)-(B5), we define 
Proof. To simplify presentation, we shall prove only the case when n = d = 1, as the higher dimensional case can be treated in the same way without substantial difficulty. By Theorem 3.3, Y x t is bounded by
Using the same kind of linearization as in Theorem 3.3, we get 
Here
From Lemma 4.1, we conclude that
Thus by equation (14) and sending ǫ → 0, we deduce that
In a similar way, we also have
which is the desired result. Now we shall present the main results of this section.
Lemma 4.3 For each t, we have
The proof will be given in the appendix.
Theorem 4.4 u(x) is the unique bounded continuous viscosity solution of the following PDE:
Proof. The uniqueness of viscosity solution of equation (15) will be given in appendix. Applying Lemma 4.3, we obtain for each δ > 0,
Then we can prove that u is a viscosity solution of equation (15) in the same way as in [13] .
In the next theorem, we shall discuss the sign of the solution of equation (15).
Proof. It follows from Comparison Theorem 3.4 that ∀t ≥ 0, Y x t ≥ 0. In particular, for t = 0, we deduce that u(x) ≥ 0.
Remark 4.6
We remark that our results still hold when the coefficients f and g ij are of polynomial growth in x. The proof is the same without any difficulty just changing the condition (B4). For simplicity, we focus on the case that the coefficients satisfy bounded conditions.
Ergodic BSDEs driven by G-Brownian motion
In this section, we shall study the following type of (markovian) ergodic BSDEs driven by G-Brownian motion under assumptions (B1), (B2), (B4) and (B5) (µ = 0):
where γ 1 is a fixed constant and γ 2 is a given d × d symmetric matrix satisfied γ 1 + 2G(γ 2 ) < 0. As in [4] , we start by considering an infinite horizon equation with strictly monotonic drift, namely for each ǫ > 0, the G-BSDEs:
From Theorem 3.3, we immediately have
0 . Then by Lemma 4.2, we have Lemma 5.2 There exists some constant M > 0 independent of ǫ such that
. Note thatv ǫ (x) is a M -Lipschitz function for each ǫ. Thus we can construct by a diagonal procedure a sequence ǫ n ↓ 0 such thatv ǫn (x) → v(x) for all x ∈ R n and ǫ n v ǫn (0) → λ. It follows from Theorem 4.4 thatv ǫ (x) is the unique viscosity solution of the following PDE:
Applying the stability result of viscosity solutions (see Proposition 4.3 in [7] ), we obtain (v, λ) is a viscosity pair solution of the following fully nonlinear ergodic elliptic PDE:
where x v, λ), which is different from the previous works (see [2, 15] and the references therein).
In particular, we have the following probabilistic representation for the fully nonlinear ergodic elliptic PDE (19) . 
. For each T > 0, consider the following parabolic PDE:
From the uniqueness of viscosity solution, we get that φ(t, x) = v(x). By the nonlinear Feynman-Kac formula in [13] , we obtain for each T > 0,
By the uniqueness of solution to G-BSDE, it is obvious (Z (16) . We remark that the solution to G-EBSDE (16) is not unique. Indeed the equation is invariant with respect to addition of a constant to Y . However we have a uniqueness result for λ under some additional condition. (16) . Moreover, there exists some constant c
x > 0 such that
Proof. To simplify presentation, we shall prove only the case when n = d = 1, as the higher dimensional case can be treated in the same way without difficulty. Without loss of generality, assume
Then we have for each T , 
where {X ǫ t } t∈[0,T ] is the solution of the followingG-SDE:
By the G-Itô's formula, we derive thatÊG[
Recalling Lemma 4.1, there exists some constant C such that
Thus letting ǫ → 0, we can find some constant C depending on G and c x ,C such that for each T ,
So if we let T → ∞ in the above inequality, we conclude that λ ≤ λ ′ , which concludes the result.
Applications

Large time behaviour of solutions to fully nonlinear PDEs
In this section, we shall study the large time behaviour of solutions of fully nonlinear PDEs by the theory of G-EBSDE. Let us introduce the following G-EBSDE:
and the fully nonlinear ergodic PDE:
. From the section 5, we obtain that the G-EBSDE (21) and the fully nonlinear ergodic PDE (22) both have solutions. Moreover, the constant λ in the ergodic equation (22) is unique.
For each Lipschitz function ϕ : R n → R, consider the following fully nonlinear parabolic PDE:
Denote
is the unique viscosity solution of PDE:
Theorem 6.1 Under assumptions (B1), (B2), (B4) and (B5), there exists a constant C such that, for each T > 0,
In particular,
Proof. For convenience, assume n = d = 1. Recalling nonlinear Feynman-Kac formula in [13] , we obtain for each s ∈ [0, T ], u T (s, X = λ, which can be seen as Abelian-Tauberian Theorem for G-expectation.
Optimal ergodic control under model uncertainty
The objective of this section is to study optimal ergodic control problems under the model uncertainty. Let U be a closed subset of R n . We define a control u s ∈ M Under the model uncertainty, the nonlinear ergodic cost corresponding to u and the starting point Let (Y t,T,m,x , Z t,T,m,x , K t,T,m,x ) be the unique S Remark A.9 In this section, we introduce a new method to prove the uniqueness of the viscosity solutions to elliptic PDEs in R n , which non-trivially generalize the ones of [17] for fully nonlinear case. In particular, this method can be applied to deal with more general elliptic PDEs, for example, u is of polynomial growth.
